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1. Introduction
In quantum chemistry the skeletons of certain non-saturated hydrocarbons are represented by
graphs. By Hückel molecular orbital (HMO) theory, energy levels of electrons in such a molecule are,
in fact, the eigenvalues of the corresponding graph, which are closely connected with the stability of
the molecule as well as other chemically relevant facts [10,30]. Lovász and Pelikan [28], Cvetkovic´ and
Gutmun [8] proposed that the spectral radius of themolecular graph (of a saturated hydrocarbon) can
beused as ameasure of branchingof theunderlyingmolecule. This directionof researchwas eventually
further elaborated,with emphasis on acyclic polyenes [21,20], and benzenoid hydrocarbons [18,19,29].
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In order to describe our results, we need some graph-theoretic notation and terminology. For other
undeﬂined notation one may refer to [3].
All graphs considered in thispaper areﬁnite, undirectedandsimple. LetG = (V, E)beagraphwithn
vertices and let A(G) be its adjacencymatrix. Since A(G) is symmetric, its eigenvalues are real.Without
loss of generality, we can write them as λ1(G) λ2(G) · · · λn(G) and call them the eigenvalues of
G. The characteristic polynomial of G is just det(λI − A(G)), denoted byφ(G; λ). The largest eigenvalue
λ1(G) is called the spectral radius of G, denoted by ρ(G). If G is connected, then A(G) is irreducible and
by the Perron-Frobenius theory of non-negative matrices, ρ(G) has multiplicity one and there exists
a unique positive unit eigenvector corresponding to ρ(G). We shall refer to such an eigenvector as the
Perron vector of G.
Let G be a connected graph and T be a tree such that T is attached to a vertex v of G. The vertex v is
called the root of T , or the root-vertex of G. Throughout this paper, we assume that T does not include
the root.
Two edges of a graphG are called to be independent if they are not adjacent inG. Anm-matching ofG
is a set ofmmutually independent edges ofG. LetM be amatching ofG. The vertex v inG isM-saturated
if v is incident with an edge in M; otherwise, v is M-unsaturated. If every vertex of G is M-saturated,
the matchingM is perfect. If G has no matchingM′ with |M′| > |M|, thenM is a maximummatching;
clearly, every perfect matching is maximum. We call the number of edges in a maximummatching of
G the edge-independence number and denote it by α′(G). AnM-alternating path in G is a path whose
edges are alternately in E \ M and M. An M-augmenting path is an M-alternating path whose origin
and terminus areM-unsaturated.
Denote by Cn and Pn the cycle and the path, respectively, each on n vertices. Let G − x or G − xy
denote the graph that arises from G by deleting the vertex x ∈ V(G) or the edge xy ∈ E(G). Similarly,
G + xy is a graph that arises from G by adding an edge xy /∈ E(G), where x, y ∈ V(G). If a graph G has
components G1, G2, . . . , Gt , then G is denoted by ∪ti=1Gi.
An important topic in theory of graph spectra is to determine the graphs with maximal or minimal
spectral radius in a given class of graphs. Let H(n, t) be the set of all connected graphs with n vertices
and n + t edges, where−1 t  1
2
n(n − 1) − n. ThenH(n,−1) is the set of all tree on n vertices. It is
well known that the paths Pn alone has the smallest spectral radius and the star K1,n−1 alone has the
largest spectral radius among the trees on n vertices [6,7,28]. Themaximal spectral radius problem for
H(n, t) has been solved by Brualdi, Solheid and Simic´ [4,32,33] for 0 t  2 and by Bell [1] for t of the
form
(
d − 1
2
)
− 1, 5 d n − 1.
In this paper, we consider the maximal spectral radius problem on the connected graphs with the
given size of maximummatching, i.e., with the given edge-independence number. We denote
H(n, t, m) = {G : G ∈ H(n, t) and α′(G) = m},
where 1 t  1
2
n(n − 1) − n. In [14], forH(n,−1, m), Guo and Tan have obtained the following result.
Theorem 1.1 [14]. Let T∗m be the tree as shown in Fig. 1. Then for each T ∈ H(n,−1, m),
ρ(G)
√
1
2
(
n − m + 1 +
√
(n − m1)2 − 4(n − 2m + 1)
)
and the equality holds if and only if G∼= T∗m.
When t = 0, H(n, t, m) is the set of all unicyclic graphs on n vertices with α′ = m. For short, we
denote it by U(n, m). On the basis of the work of Yu and Tian [37], the following results have been
proved.
Theorem 1.2 [37]. Among the graphs in U(n, m), U1(n, m) has the largest spectral radius, except when
n = 6 and m = 3, where U1(n, m) is the graph on n vertices obtained from C3 by attaching n − 2m + 1
pendent edges andm − 2 paths of length 2 together to one of three vertices of C3.When n = 6 andm = 3,
U2(6, 3) has the largest spectral radius among the graphs in U(6, 3), where U2(6, 3) is the graph obtained
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Fig. 1. Graphs T∗m, U1(n, m), U2(6, 3) and B∗(n, m).
Fig. 2. Graphs T(n, m), B3 , C(K4), B4 , B5 and B7(14).
by attaching one pendent edge to three vertices of C3, respectively. (U
1(n, m) and U2(6, 3) are shown in
Fig. 1.)
When t = 1, H(n, t, m) is the set of all bicyclic graphs on n vertices with α′ = m. For short, we
denote it by B(n, m). On the basis of the work of Yu and Tian [36], the following results have been
proved.
Theorem 1.3 [36]. Let G be the graph in B(n, m)(m 5), then ρ(G) ρ(B∗(n, m)) and the equality holds
if and only if G∼= B∗(n, m), where ρ(B∗(n, m) is the largest root of the equation λ4 − (n − m + 3)λ2 −
4λ + n − 2m + 1 = 0. (B∗(n, m) is shown in Fig. 1.)
When t = 2, H(n, t, m) is the set of all tricyclic graphs on n vertices with α′ = m. For short, we
denote it by T (n, m). Let T(n, m), B3, C(K4), B4, B5, B7(14) are the graphs shown in Fig. 2.When n = 2m,
i.e., when the tricyclic graphs considered have a perfect matching, on the basis of the work of Geng et
al. [12], we have proved the following results.
Theorem 1.4 [12]. Among the graphs in T (2m,m), T(2m,m) has the largest spectral radius when k 8;
and K4, B3, C(K4), B4, B5, B7(14) are the graphs with the largest spectral radius when k = 2, 3, 4, 5, 6, 7,
respectively.
In this paper, we show that T(n, m) has the largest spectral radius among the graphs in T (n, m),
whenm 8. Namely,
Theorem 1.5. Let G be a graph in T (n, m)(m 8). Then ρ(G) ρ(T(n, m)) and the equality holds if and
only if G∼= T(n, m), where T(n, m) is depicted in Fig. 2. and ρ(T(n, m)) is the largest root of the equation
λ4 − (n − m + 4)λ2 − 6λ + n − 2m + 1 = 0.
2. Preliminaries
In this section, we list some known results which will be used in this paper.
Lemma 2.1 [16]. Let G be a connected graph and let e = uv be a non-pendent edge of G with N(u) ∩
N(v) = ∅. Let G∗ be the graph obtained from G by deleting the edge uv, identifying u with v, and adding a
pendent edge to u(=v). Then ρ(G) < ρ(G∗).
Lemma 2.2. Let G1 and G2 be two graphs.
(i) ([24]) If G2 is a proper spanning subgraph of a connected graph G1. Then φ(G2; λ) > φ(G1; λ) for
λ ρ(G1);
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(ii) ([7,9]) If φ(G2; λ) > φ(G1; λ) for λ ρ(G2), then ρ(G1) > ρ(G2);
(iii) ([23]) If G2 is a proper subgraph of a connected graph G1, then ρ(G2) < ρ(G1).
Lemma 2.3 [7,31]. Let e = uv be an edge of G, and C(e) be the set of all cycles containing e. The charac-
teristic polynomial of G satisﬁes
φ(G; λ) = φ(G − e; λ) − φ(G − u − v; λ) − 2 ∑
Z∈C(e)
φ(G\V(Z); λ).
Lemma 2.4 [7,31]. Let u be a vertex of G, and let C(u) be the set of all cycles containing u. The characteristic
polynomial of G satisﬁes
φ(G; λ) = λφ(G − u; λ) − ∑
v∈N(u)
φ(G − u − v; λ) − 2 ∑
Z∈C(u)
φ(G\V(Z); λ).
Lemma 2.5 [7,31]. Let G1, G2, . . . , Gt are the components of a graph G, we have
φ(G; λ) =
t∏
i=1
φ(Gi; λ).
Lemma 2.6 [3]. A matching M in G is a maximum matching if and only if G contains no M-augmenting
path.
3. Proof of Theorem 1.5.
We know, by [11,12,25,26], that a tricyclic graph G contains at least 3 cycles and at most 7 cycles,
furthermore, there does not exist 5 cycles inG. For convenience, we let T kn denote the set of all n-vertex
tricyclic graphs with exactly k cycles, k = 3, 4, 6, 7. Hence, Tn = T 3n ∪ T 4n ∪ T 6n ∪ T 7n .
In order to prove our main result, we ﬁrst present two useful facts.
Fact 1. Let G be in T (n, m) (n > 2m,m 5) with δ(G) = 2, then there exists a graph G′ in T (n, m)
satisfying the following three conditions:
(1) δ(G′) = 1;
(2) there are a maximummatchingM of G′ and a pendent vertex v of G′ such that v isM-unsaturated;
(3) φ(G′; λ) < φ(G; λ) for λ ρ(G′).
Proof. Assume that G ∈ T (n, m) with n > 2m,m 5 and δ(G) = 2. Let M be an m-matching of G.
Since n > 2m, there is a vertex v of G such that v is M-unsaturated. As Tn = T 3n ∪ T 4n ∪ T 6n ∪ T 7n , we
distinguish the following four cases to prove our results.
Case 1. G ∈ T 3n .
In this case, we shall prove our results according to the unsaturated vertex v in the following three
possible subcases.
Subcase 1.1. d(v) = 2 and v does not belong to a cycle C3.
Let N(v) = {u, w}. Since v is not M-unsaturated, uv, vw /∈ M. It is easy to see that uw /∈ E(G);
otherwise v is on the cycle C3 = uvw. Hence, let G′ = G + uw − vw, then G′ ∈ T (n, m). It is also
straightforward to check that G′ satisﬁes both (1) and (2). And in view of Lemma 2.2, we have ρ(G) <
ρ(G′). Therefore, φ(G′; λ) < φ(G; λ) for λ ρ(G′).
Subcase 1.2. d(v) > 2.
In this case, if v does not belong to a cycle of G (see Fig. 3(f)), then by Lemma 2.1, there is a tricyclic
graph G′ ∈ T (n, m) such that it satisﬁes the conditions (1)–(3).
If v belongs to a cycle, say C, of G, then we prove our result according to the length of the cycle C.
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Fig. 3. The arrangement of the three cycles of G ∈ T 3n .
When C ∼= C3. Let u1, u2 be the adjacent vertices of v which belong to the cycle C with d(u1) = 2.
As d(v) > 2, there exists a vertex u3 ∈ N(v) such that it does not belong to the cycle C. Let G′ =
G − vu1 + u2u3. Since u1u2 ∈ M, and vu2 /∈ M. Let M′ = M − u1u2 + vu2, then M′ is a maximum
matching of G′, that is to say G′ ∈ T (n, m), furthermore, G′ satisﬁes (1) and (2). Now we show that G′
satisﬁes (3).
By Lemma 2.3, we have
φ(G; λ) = φ(G − vu1; λ) − φ(G − v − u1; λ) − 2φ(G − v − u1 − u2; λ),
φ(G′; λ) = φ
(
G′ − u2u3; λ
)
− φ
(
G′ − u2 − u3; λ
)
− 2φ
(
G′ − v − u2 − u3; λ
)
.
It is easy to see that G − vu1 ∼= G′ − u2u3, therefore φ(G − vu1; λ) = φ (G′ − u2u3; λ).
For convenience, let d(v) = 3 (in fact, for d(v) 4, we can also prove our result with the same
method). It is easy to see that v is a cut vertex of G. Set G − v − u1 = H1 ∪ H2, where H1, H2 are two
connected components of G − v − u1. Furthermore, if H1 − u2 	= ∅, G′ − u2 − u3 = (H1 − u2) ∪
(H2 − u3) ∪ {u1} ∪ {v}; otherwise, G′ − u2 − u3 = (H2 − u3) ∪ {u1} ∪ {v}. For convenience, deﬁne
φ(∅; λ) = 1. In view of Lemma 2.5 we have,
φ(G − v − u1; λ) = φ(H1; λ)φ(H2; λ),
φ(G − v − u1 − u2; λ) = φ(H1 − u2; λ)φ(H2; λ),
φ
(
G′ − u2 − u3; λ
)
= λ2φ(H1 − u2; λ)φ(H2 − u3; λ)
and
φ
(
G′ − v − u2 − u3; λ
)
= λφ(H1 − u2; λ)φ(H2 − u3; λ).
Therefore, we can obtain that
φ(G; λ) − φ(G′; λ) = λ2φ(H1 − u2; λ)φ(H2 − u3; λ) − φ(H1; λ)φ(H2; λ)
+ 2λφ(H1 − u2; λ)φ(H2 − u3; λ) − 2φ(H1 − u2; λ)φ(H2; λ)
= λ2φ(H1 − u2; λ)φ(H2 − u3; λ) − φ(H1; λ)φ(H2; λ)
+ 2φ(H1 − u2; λ)(λφ(H2 − u3; λ) − φ(H2; λ)).
By Lemma 2.2, we have
λ2φ(H1 − u2; λ)φ(H2 − u3; λ) − φ(H1; λ)φ(H2; λ) > 0
for λ{ρ(H1), ρ(H2)}. And
λφ(H2 − u3; λ) − φ(H2; λ) > 0
for λ ρ(H2).
By Lemma 2.2(iii), ρ(G′){ρ(H1), ρ(H2)}, therefore φ(G′; λ) < φ(G; λ) for λ ρ(G′), as desired.
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Fig. 4. The arrangement of the four cycles of G ∈ T 4n .
If C ∼= Ck for k 4, then Denote C = vu1u2 . . . ukv. Let G′ = G − vu1 + vu2 andM′ = M − u1u2 +
vu2. Then G
′ ∈ T (n, m), furthermore, G′ satisﬁes (1) and (2). In view of Lemma 2.1, we have ρ(G) <
ρ(G′). Therefore, φ(G′; λ) < φ(G; λ) for λ ρ(G′).
Subcase 1.3. d(v) = 2 and v belongs to a cycle C3.
Let N(v) = {u, w}. Since v is not M-unsaturated, uv, vw /∈ M, and u, w are M-saturated. Assume
that thematched edge inM which saturates u is uu1, where u1 may bew. LetM
′ = (M ∪ {vu})\{uu1},
then there exists a vertex v′ in G such that it is M′-unsaturated. Furthermore, it is straightforward to
check that v′ satisﬁes either d(v′) > 2 or d(v′) = 2 and v′ does not belong to any cycle C3 in G. By
Subcases 1.1 and 1.2, we can also obtain that our result is true in this subcase.
Case 2. G ∈ T 4n .
Subcase 2.1. The arrangement of four cycles is (i) in Fig. 4.
Subcase 2.1.1. d(v) = 2 and v does not belong to a cycle C3.
With the same method used in Subcase 1.1 of Case 1, we can obtain that our result is true.
Subcase 2.1.2. d(v) > 2 and there is a vertex u1 of degree 2 in N(v) such that u1 does not belong to
any cycle of length 3.
Let u2 ∈ N(u1)\{v}, hence we have u1u2 ∈ M. Let G′ = G − vu1 + vu2 and M′ = (M\{u1u2}) ∪{vu2}. ThenG′ ∈ T (n, m), furthermore,G′ satisﬁes (1) and (2). And thenby Lemma2.1,wehaveρ(G) <
ρ(G′). Therefore, φ(G′; λ) < φ(G; λ) for λ ρ(G′). We can obtain that our result is true.
Subcase 2.1.3. d(v) = 2 and v belongs to a cycle C3.
When V(C3) = {v, v1, v2}; see (i) in Fig. 4. Then sinceM is a maximal matching, there is a vertex v2
of degree 2 in N(v1)(or N(vk), with loss of generality, we let v2 in N(v1)) such that v2 does not belong
to any cycle of length 3.
If v1vk ∈ M, letM′ = M − v1vk + vvk . Then v1 is unsaturated and v1 satisﬁes Subcase 2.1.2. Using
the same method of subcase 2.1.2, we can obtain that our result is true.
If v1v2 ∈ M with v2 	= vk , then when v2 is not on a cycle C3, we let M′ = M − v1v2 + vv1. It is
easy to see that v2 isM
′-unsaturated and v2 satisﬁes Subcase 2.1.1. Using the same method of Subcase
1.1 of Case 1, we can obtain that our result is true. Otherwise, v2 belongs to a cycle of length 3, that
is to say N(v2) = {v1, vk}, then there exists a vertex, say v3 in N(vk) \ {v, v1, v2} such that v3vk ∈ M.
Let M′ = M − vkv3 + vvk . Clearly, v3 is M′-unsaturated. If d(v3) = 2, then v3 satisﬁes Subcase 2.1.1,
hence our result is true. If d(v3) = 3, then v3 satisﬁes Subcase 2.1.2, hence our result is also true.
Whenv1, vk /∈ V(C3). AssumeV(C3) = {v, u1, u2},whered(u2) = 3andassumeN(u2) = {v, u1, u3}.
Let G′ = G − vu2 + u1u3.
By Lemma 2.3, we have
φ(G; λ) = φ(G − vu2; λ) − φ(G − v − u2; λ) − 2φ(G − v − u2 − u3; λ),
φ(G′; λ) = φ
(
G′ − u1u3; λ
)
− φ
(
G′ − u1 − u3; λ
)
− 2φ
(
G′ − u1 − u2 − u3; λ
)
.
It is easy to see that G − vu2 ∼= G′ − u1u3, therefore φ(G − vu2; λ) = φ (G′ − u1u3; λ).
And it is easy to see that G′ − u1 − u3 ⊆ G − v − u2 and G′ − u1 − u2 − u3 ⊆ G − v − u2 − u3,
therefore in view of Lemma 2.2 we have, φ
(
G′ − u1 − u3; λ) > φ(G − v − u2; λ) for λ ρ(G − v −
u2).
And φ
(
G′ − u1 − u2 − u3; λ) > φ(G − v − u2 − u3; λ) for λ ρ(G − v − u2 − u3).
Therefore, we can obtain that φ(G; λ) − φ(G′; λ) > 0 for λ{ρ(G − v − u2 − u3), ρ(G − v −
u2)}.
By Lemma 2.2, we have, ρ(G′){ρ(G − v − u2 − u3), ρ(G − v − u2)}, therefore φ(G′; λ) <
φ(G; λ) for λ ρ(G′). Then G′ satisﬁes (1),(2) and (3).
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Fig. 5. The arrangement of the six cycles of G ∈ T 6n .
Fig. 6. The arrangement of the seven cycles of G ∈ T 7n .
Subcase 2.1.4. Otherwise. Then d(v) = 3, v belongs to a cycle of length 3 and vk ∈ N(v). As-
sume vmvk ∈ M. LetM′ = M − vmvk + vvk . Then vm is unsaturated and vm satisﬁes one of the above
subcases. Then using the same method of the above subcases, we can obtain that our result is true.
Subcase 2.2. The arrangement of four cycles is the other cases in Fig. 4.
Using the same method of subcase 2.1, we can obtain that our result is true.
Case 3. G ∈ T 6n .
Subcase 3.1. The arrangement of four cycles is (a) in Fig. 5.
Subcase 3.1.1. v( /= v1) is M-unsaturated.
Sincem 5, there is a cycle C with lengthmore than 4 contains v1. Denote C = v1u1u2 . . . ukv1. Let
G′ = G − v1u1 + v1u2 and M′ = M − u1u2 + v1u2. Then G′ ∈ T (n, m), furthermore, G′ satisﬁes (1)
and (2). In view of Lemma 2.1, we have ρ(G) < ρ(G′). Therefore, φ(G′; λ) < φ(G; λ) for λ ρ(G′).
Subcase 3.1.2. d(v) = 2 and v does not belong to a cycle C3.
With the same method used in Subcase 1.1 of Case 1, we can obtain that our result is true.
Subcase 3.1.3. d(v) = 2 and v belongs to a cycle C3.
Since the arrangement of six cycles is (a) in Fig. 5, V(C) = {v, v1, v2}.
If v1v2 ∈ M, let M′ = M − v1v2 + vv2. Then v1 is unsaturated and v1 satisﬁes subcase 3.1.1. Using
the same method of subcase 3.1.1, we can obtain that our result is true.
Otherwise, there is a vertex v3 ∈ N(v1) (or, N(v2), without loss of generality, we assume that v3 ∈
N(v1)), d(v3) = 2 and v3 does not belong to a cycle with length 3. Let M′ = M − v1v3 + vv1. Then
v3 is M
′-unsaturated and v3 satisﬁes Subcase 3.1.2. Using the same method of Subcase 3.1.2, we can
obtain that our result is true.
Subcase 3.2. The arrangement of six cycles is the other cases in Fig. 5.
Using the same method of Subcase 3.1, we can obtain that our result is true.
Case 4. G ∈ T 7n .
The arrangement of the seven cycles contained in G is depicted in Fig. 6. Using the samemethod of
Case 3, we can obtain that our result is true.
This completes the proof of Fact 1. 
Fact 2. A matching M in T (n, m)(n > 2m) and δ(G) = 1, then there exists a graph G′ in T (n, m)
satisfying the following two conditions:
(1) G′ ∼= G or φ(G′; λ) < φ(G; λ) for λ ρ(G′);
(2) there are amaximummatchingM of G′ and a pendent vertex v of G′ such that v isM-unsaturated.
Proof. Let G be a graph in T (n, m)(n > 2m) with δ(G) = 1 and M be an m-matching of G. Since
n > 2m, there is a vertex v of G such that v isM-unsaturated. If v is a pendent vertex G, the result holds
immediately. So we suppose each pendent vertex of G isM-saturated.
4050 X. Geng, S. Li / Linear Algebra and its Applications 436 (2012) 4043–4051
Fig. 7. Graphs G1 , G2 , G3 , G4 and G5.
Since G is a graph in T (n, m)(n > 2m) and δ(G) = 1, G has a proper connected subgraph H such
that H is a tricyclic graph and δ(H) = 2. So G can be seen as a graph obtained by attaching some trees
to the vertices of H. If a tree is attached to a vertex u of H, we denote it by Tu and call u the root of the
tree Tu or the root-vertex of G.
Now, we distinguish the following two cases:
Case 1. There is a vertex v′ of some tree Tu such that v′ isM-unsaturated.
Since v′ is not a pendent vertex of G, then we can ﬁnd a maximalM-alternating path P which stars
from v′ and terminates at a pendent vertex w of G. Obviously, w is M-saturated. (Otherwise, P is an
M-augmenting path ofG, by Lemma2.6,which contradictsα′(G) = m.) Then the symmetric difference
M  P is an m-matching M′ of G and w is an M′-unsaturated pendent vertex of G. So G′ = G and M′
satisfy the requirements.
Case 2. Each vertex of Tu isM-saturated for any root-vertex u of G.
In this case, v ∈ V(H) and v is not the root-vertex of G. Then, except when H ∈ {G1, G2, G3, G4, G5}
(see Fig. 7), similar to the proof of Fact 1, we can get a graph G′ such that G′ ∈ T (n, m)(n > 2m)
and satisﬁes conditions (1) and (2). If H ∈ {G1, G2, G3, G4, G5}, let G = G′ and then it is easy to get an
m-matchingM′ and anM′-unsaturated pendent vertex. This completes the proof of Fact 2. 
Now we show our main result.
Theorem 3.1. Let G be a graph in T (n, m)(m 8). Then ρ(G) ρ(T(n, m)) and the equality holds if and
only if G∼= T(n, m), where ρ(T(n, m)) is the largest root of the equation λ4 − (n − m + 4)λ2 − 6λ +
n − 2m + 1 = 0.
Proof. By Lemma 2.4, it is not difﬁcult to get that the characteristic polynomial of T(n, m) is
φ(T(n, m); λ) = λn−2m(λ2 − 1)m−2[λ4 − (n − m + 4)λ2 − 6λ + n − 2m + 1]. Since T(n, m) has a
subgraph C3, ρ(T(n, m)) > 2. So ρ(T(n, m)) is the largest root of the equation λ
4 − (n − m + 4)λ2 −
6λ + n − 2m + 1 = 0.
LetG beagraph inT (n, m)(m 8) andG T(n, m). By Lemma2.2, it is sufﬁcient toproveφ(G; λ) >
φ(T(n, m); λ) for λ ρ(T(n, m)). We prove it by induction on n. When n = 2m, the result holds by
Theorem 1.4 and Lemma 2.2. Now we suppose n > 2m and the result holds for all the graphs in
T (n − 1, m) which are not isomorphic to T(n − 1, m). By Fact 1 and Fact 2, we have a graph G′ in
T (n, m) satisfying the following two conditions:
(1) G′ ∼= G or φ(G′; λ) < φ(G; λ) for λ ρ(G′);
(2) there are amaximummatchingM ofG′ and a pendent vertex v ofG′ such that v isM-unsaturated.
If G′ ∼= T(n, m), the result holds immediately. So we suppose G′ T(n, m). Let u be the vertex of G′
adjacent to v. Let v′u′ be a pendent edge of T(n, m) attached to C3(see Fig. 2).
By Lemma 2.4, we have
φ(G′; λ) = λφ(G′ − v; λ) − φ(G′ − {v, u}; λ),
φ(T(n, m); λ) = λφ(T(n, m) − v′; λ) − φ(T(n, m) − {v′, u′}; λ).
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It is easy to see that G′ − v ∈ T (n − 1, m) and T(n, m) − v′ ∼= T(n − 1, m). By the induction hypoth-
esis,
φ(G′ − v; λ) > φ(T(n, m) − v′; λ) for λ ρ(T(n, m) − v′).
Since T(n, m) − {v′, u′} ∼= (m − 1)K2 ∪ (n − 2m)K1, G′T(n, m) and that G′ − {v, u} has an (m − 1)-
matching, T(n, m) − {v′, u′} is a proper spanning subgraph of G′ − {v, u}. By Lemma 2.2, we have
φ(G′ − {v, u}; λ) < φ(T(n, m) − {v′, u′}; λ) for λ ρ(G′ − {v, u}).
Soφ(G′; λ) > φ(T(n, m); λ) forλ ρ(T(n, m)), sinceρ(T(n, m)) > {ρ(T(n, m) − v′), ρ(G′ − {v, u})}.
Therefore,
φ(G; λ) > φ(T(n, m); λ) for λ ρ(T(n, m)).
This completes the proof of Theorem 3.3. 
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